INTRODUCTION
We study classes of maps motivated originally by applications to Discrete Event Systems. We first consider a general setting, and then apply our results to a particular class of maps.
In Section 2, we consider the general case of maps which are defined on the interior of a closed cone ifi, taking values in another closed cone K 2 , which are continuous and order-preserving with respect to the usual partial orderings induced by K\ and K 2 . We examine the problem of extending these maps, in a natural way, to the whole of K\. We give conditions, in considerable generality, (both finiteand infinite-dimensional) under which a natural extension exists and is continuous. (There are also interesting examples in which some of the conditions do not hold and the extension is not everywhere continuous.)
Specifically, we consider order-preserving continuous maps / from the interior of K\ to K 2 , where K\ satisfies a geometrical condition (which generalizes the notion of a polyhedral cone), K 2 satisfies a weak version of normality, / satisfies a weak version of homogeneity of degree 1. Our results show that all such maps have a continuous extension to the whole of K\. We state these general results without proofs; the interested reader is referred to [1] .
In Section 3, we examine the case of maps / defined on the interior of the standard non-negative cone K in E^ which are both homogeneous of degree 1 and orderpreserving. Our results imply that such maps always have a continuous extension. We examine briefly connections between properties of the extension and existence of the cycle-time vector for such maps.
GENERAL RESULTS
We first give some basic definitions. on the boundary of K\, it will be natural to consider sequences (x n G K\ : n > 1) such that x n -r x as n -> 00 and x n ^> x for all n. We will call such sequences allowable.
o o
Assuming that K\ ^ 0, if we take any u £ K\ and define x n :-= x + n -1 u, then liuin-^oo x n -x and x n > x for all n > 1 (by convexity). So such a sequence always exists.
Natural extension
Under the assumption (Condition A) given below, namely that the images under / of decreasing sequences must converge, it follows that a natural extension exists. Example 2.8. Let (S,M,fi) be a measure space and let X = L 1 (5, M,n) denote the usual Banach space of /i-integrable real-valued maps. Let K denote the closed cone in X of maps which are greater than or equal to zero /i-almost everywhere (two maps in X being identified if they agree //-almost everywhere). The monotone convergence theorem from real analysis implies that K has the monotone convergence property.
We use the monotone convergence property and the previous remarks to generalize Lemma 2.4 to the case where X 2 need not be finite-dimensional: 
, F is an extension of /. If x G ifi and (a: n G K\ : n > 1) is any sequence such that lim n _»oo x n -x and a; n +i <C x n for all n > 1, then lim n _ >0 o -^(-^n) = -Z? (^)-(In fact, if (y n e K\ : n > 1) is any sequence such that y n > x for all n > 1 and lim n _>oo y n = x, it follows that lim n _+oo F(y n ) = F(x).)
That the above limits all exist and take the same value, namely F(x) as defined in the theorem, is our intended meaning of the term "natural" extension.
Remark 2.11. The extended map F is also order-preserving since, if x,y G K\ o and x < y, we may take u G K\ and note that
n->oo Theorem 2.10 also implies that F : K\ -+ K 2 is continuous at 0 G K\. However, as we show in detail in [1] , the map F need not be everywhere continuous, even if K\ and K 2 are finite-dimensional closed cones.
Continuity of the extension
The aim of this section is to give some further conditions on /, K\, and K 2 , in considerable generality, which ensure that F : K\ -> K 2 is continuous.
We begin with a geometrical condition on K\ which generalizes the polyhedral property of a cone. Definition 2.12. Let K be a closed cone in a Hausdorff t.v.s. X. If x G K, we shall say that K satisfies Condition G at x if, whenever (x n G K : n > 1) is a sequence in K with lim n _^oo x n -x and A < 1, there exists an integer n* such that Xx < x n for all n > n*. We shall say simply that K satisfies Condition G if K satisfies Condition G at x for all x G K. WN (or is weakly normal) if, whenever (x n ), (y n ), and (z n ) are sequences in K 2 with 0 < x n < y n < z n for all n > 1 and lim n _ >00 x n = lim n _^oo z n = I/, for some y G K 2) it follows that lim n _ >00 y n exists and equals y. 
THE POSITIVE CONE
In this section, we focus on maps / defined on the interior of the standard nonnegative cone K = R+ in R N which are both homogeneous of degree 1 and orderpreserving. In this case, the partial ordering induced by the cone is exactly the usual partial product ordering on R N . These maps arise naturally in the study of certain classes of Discrete Event Systems. Such maps are non-expanding in Thompson's part metric and continuous on the interior of the cone, so that continuity is no longer required as an explicit assumption. do not need to assume explicitly that / : K\ -> K 2 is continuous.
Topical maps on the positive cone o o
Let K\ = K 2 = K := R+ , the standard positive cone in R N -. Maps / : K -> K that are order-preserving and homogeneous of degree 1 are a specific example of the general case above; they are non-expanding with respect to the part metric on o K. In fact, if homogeneity holds, then being order-preserving is equivalent to being o non-expanding, see [3] . Hence these maps are continuous on K. With suitable modifications of the proofs to take advantage of full, rather than weak, homogeneity, our results imply the following corollary. This result was proved previously, by more direct means involving the comparison of various componentwise limits, by [2] . Corollary 3.4. All homogeneous order-preserving maps / : K -> K with K = R+ have an extension F : K -> K that is homogeneous, order-preserving, and continuous on the whole of K.
Remark 3.5. We can also show, see [2] , that the extended map F is non-expanding in the extended part metric, mapping each part of if to a part. , 1) , where all x G dU are mapped to the vertex 0. Suppose, on the other hand, that F(x) ^ 0 for all x G II, then the projected map 7r O F : U -> n is welldefined and continuous on n. Further, n is homeomorphic to a compact convex set. Hence, by Brouwer's fixed point theorem, 7roF has at least one fixed point in n. By homogeneity, it follows that F itself must have at least one eigenvector in K -{0}.
•
In fact, we can prove a stronger result: Lemma 3.7. Let C be a closed cone with non-empty interior in a finite dimensional Banach space X. Let F : C -> C be a continuous order-preserving homogeneous (of degree one) map that maps the interior of C into itself. Then F has an eigenvector in C -{0} with nonzero eigenvalue. The cycle-time vector is known to exist for certain classes of maps in general dimension N. Specifically, a nonlinear hierarchy of such maps may be built from simple maps by closure under a finite set of operations, see [4] . The cycle-time also exists for all order-preserving homogeneous maps with N = 1,2.
However, x(f) neeci not exist in general for N > 3, as illustrated by a family of maps introduced by [5] : consider a sequence of reals (a k G [0,1] : k > 1) and let Construction of a particular family of such maps, for which there is no cycle time, reveals that the projected map TT O F fixes a continuum of points on one edge of H.
CONCLUSION
We have presented results on the continuous extension of maps defined on the interior of closed cones, firstly in considerable generality and secondly applied to the case of the standard positive cone.
Our general results have applications in other areas, particularly to operatorvalued means, where the existence of continuous extensions is a natural question. In this case, it is also relevant to consider maps which are not order-preserving. For further discussions, see [1] .
For the positive cone, we have shown that all homogeneous order-preserving maps have a continuous extension to the boundary of the cone and that non-existence of the cycle time restricts the fixed-point set of the extended map. It would be interesting to have a characterization of the possible fixed-point sets and to clarify connections between existence of a cycle time and properties of these sets.
